We introduce a minimal and yet comprehensive framework with CP -and classical scalesymmetries, in order to simultaneously address the hierarchy problem, neutrino masses, dark matter, and inflation. One complex gauge singlet scalar and three flavors of the right-handed Majorana neutrinos are added to the standard model content, facilitating the see-saw mechanism, among others. An adimensional theory of gravity (Agravity) is employed, allowing for the trans-Planckian field excursions. The weak and Planck scales are induced by the Higgs portal and the scalar non-minimal couplings, respectively, once a Coleman-Weinberg dynamically-generated vacuum expectation value for the singlet scalar is obtained. All scales are free from any mutual quadratic destabilization. The CP -symmetry prevents a decay of the pseudoscalar singlet, rendering it a suitable WIMPzilla dark matter candidate with the correct observational relic abundance. Identifying the pseudoNambu-Goldstone boson of the (approximate) scale symmetry with the inflaton field, the model accommodates successful slow-roll inflation, compatible with the observational data. We reach the conclusion that a pseudo-Nambu-Goldstone inflaton, within a classically scale-symmetric framework, yields lighter WIMPzillas.
I. INTRODUCTION
Despite its undeniable success, the standard model (SM) leaves many questions unanswered within the modern study of particle physics and cosmology. The current treatment is devoted to simultaneously addressing a number of such open issues within a unified and consistent classically scale invariant framework. Specifically, an analysis of the slow-roll inflationary paradigm, dark matter, and the neutrino mass generation mechanism is presented, in which the various scales are free from a mutual quadratic sensitivity [1] .
The model concerns the minimal addition of a complex gauge singlet to the SM content, in a scale-and CPsymmetric manner. It has been previously demonstrated [2] that, within such an extended scalar sector, the ColemanWeinberg mechanism [3] may be successfully realized, while accommodating the discovered 125 GeV Higgs-like state [4] , and, therefore, remedy the failure of the mechanism within the ordinary SM scalar sector. In particular, the dynamical generation of a nonzero vacuum expectation value (VEV) for the CP -even component of the complex singlet scalar via this mechanism can be transmitted to the electroweak sector via the Higgs portal operators, inducing the nonzero VEV for the SM Higgs boson, and, thereby, giving rise to a successful spontaneous breaking of the electroweak symmetry. The classical scale symmetry, subsequently, guarantees the absence of any quadratic sensitivity between the singlet and the weak scales. The CP -odd singlet component cannot decay due to the imposed CP -invariance, and constitutes a stable dark matter candidate. In addition, incorporating the see-saw mechanism [5] within the framework, by including three flavors of the right-handed Majorana neutrinos, yields nonzero masses for the SM neutrinos. The dark matter and collider phenomenology of the theory around the TeV scale were studied in [6, 7] , whereas the possibility for realizing a strongly first-order electroweak phase transition, important for the baryogenesis paradigm, was exhibited in [8] . Hence, this technically-natural (minimal and yet comprehensive) framework presents an extremely promising and economical route for theoretical and phenomenological exploration, from a model-building perspective.
In this analysis, we further investigate incorporating the slow-roll inflationary paradigm within the described framework, while additionally accounting for the gravitational effects by utilizing a renormalizable and scale symmetric theory of gravity, known as the Agravity [9] . Within this fully scale-and CP -invariant framework, the dynamicallygenerated nonzero VEV of the CP -even singlet scalar induces the Planck scale via the scalar non-minimal couplings, in addition to the aforementioned generation of the weak scale via the Higgs portal operators. These induced scales are, then, shown to be free from quadratic divergences, and thus stable, as a consequence of the scale symmetry. The availability of a renormalizable theory of gravity, consistent with the symmetries of the framework, allows for the proper trans-Planckian field excursions, where the stability of the vacuum and the perturbativity of the couplings are satisfied to large trans-Planckian energies. Identifying the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry with the inflaton field, we explore the viability of the inflationary paradigm according to the latest observational values by the Planck Collaboration [10] , 1 and the reheating of the Universe due to the decay of the inflaton. Moreover, we demonstrate that the aforementioned pseudoscalar dark matter candidate constitutes a WIMPzilla [13] , satisfying the observed relic abundance [10] . Hence, several important and pressing issues, faced by the contemporary physics, are captured within a single consistent framework.
In Sec. II, we present the overall theoretical setup of the minimal scale-and CP -invariant framework, introduce the employed notation, and determine the free input parameters. In Sec. III, we proceed to check the consistency of the theory, by demanding the stability of the vacuum and the perturbativity of the couplings up to an energy scale of at least 250M P (all phenomena of interest, studied in the current treatment, occur below this energy range). We report all the relevant one-loop β-functions, solve the renormalization group equations, and determine the viable regions of the parameters space accommodating these requirements. Sec. IV is devoted to the slow-roll inflation analysis, where the observational constraints on the model's free parameters are derived using two separate methods. The reheating of the Universe due to the decay of the inflaton, the WIMPzilla nature of the dark matter candidate, as well as its compatibility with the observed relic abundance, are exhibited in Sec. V, and the results are displayed in various exclusion plots. In Sec. VI, we combine the findings from all previous considerations within two benchmark exclusion plots, demonstrating that a pseudo-Nambu-Goldstone inflaton within a classically scale-symmetric framework results in lighter WIMPzillas. Finally, we conclude the study in Sec. VII, providing a short summary.
II. FORMALISM
We start by presenting the formalism of the theory and defining our notations. The model is characterized by adding one complex scalar to the SM content, which is a singlet under the full SM gauge group. The resulting scalar sector, containing the SM Higgs doublet H and the additional complex singlet S, is assumed to be scale invariant as well as CP -symmetric. Moreover, three flavors of the gauge-singlet right-handed Majorana neutrinos are included to facilitate the seesaw mechanism [5] , by which nonzero masses for the ordinary SM neutrinos are generated. The right-handed Majorana neutrinos are conjectured to have CP -invariant Yukawa interactions with the complex singlet scalar, from which they obtain their masses. In order to account for the gravitational effects, the described model is, subsequently, embedded within a scale-symmetric renormalizable framework of gravity, the Adimensional gravity (Agravity) [9] , in which all scalars couple non-minimally to the curvature. Interestingly, the CP -symmetry of the action protects the pseudoscalar component of the complex singlet from decaying [2] , rendering it a stable dark matter candidate.
A. Action in the Jordan Frame and the Einstein Frame
The Jordan frame action of the theory, invariant under the scale-and CP -symmetry, is defined according to
where, L rest SM represents the (unaltered) SM gauge and fermionic sectors, while H and S contain the components
2)
The nonzero VEVs of the CP -even scalars, φ and η, are generated dynamically via the Coleman-Weinberg mechanism [3] , 2 and ξ H (ξ 1,2 S ) in (2.1) denotes the non-minimal coupling of the H (S) scalar to the curvature (note that the singlet S can couple non-minimally to the curvature via two CP -invariant operators).
The most general form of the scalar potential, satisfying the scale-and CP -symmetry, is composed of the following six operators [2] 
3) with all couplings being real and dimensionless. One observes that the "Higgs portal" terms, with the λ 3,4 coefficients, dynamically induce a mass term for the SM Higgs field, µ 2 H , once the singlet obtains a nonzero VEV, v η (c.f. (2.2) ), by the Coleman-Weinberg mechanism,
As we will show below, the λ + m coupling (c.f. (2.5)) turns out to be negative; therefore, the spontaneous breaking of the electroweak symmetry is successfully triggered. Defining for convenience, 6) one may write explicitly for the interactions of the components (omitting the nonzero VEVs):
Note that, according to the relation (2.8), in general both the singlet scalar and pseudoscalar non-minimally couple to the curvature. Furthermore, the CP -symmetry of the Lagrangian (2.1) prohibits a decay of the CP -odd pseudoscalar, χ, rendering it a stable dark matter candidate. The tree-level potential (2.3) is bounded from below once the following conditions are satisfied [6] 
As mentioned, the three right-handed Majorana neutrinos are assumed to possess CP -invariant Yukawa interactions with the complex singlet scalar. Consequently, one obtains for the Lagrangian of this sector 10) where, the real Yukawa coupling y N is designated as flavor universal for simplicity (i = 1, 2, 3) . In this Lagrangian, N i = N ghost degree of freedom with a negative norm. It is instructive to make the massive scalar degree of freedom, Ω, explicitly manifest in the action [9] , by adding the vanishing term
to (2.1), which subsequently yields
where, we have defined
It is worth noting that in the Jordan frame Lagrangian (2.11), the Ω scalar lacks a kinetic term. Furthermore, while the scale symmetry forbids the explicit presence of the Einstein-Hilbert term, −M 2 P 2 R, in the Lagrangian, one observes from (2.11) and (2.12) that the reduced Planck scale,M P ≡ M P / √ 8π, is induced via the non-minimal interactions, once a nonzero scalar VEV, v F is obtained,
(2.13)
In order to explicitly reveal the canonical Einstein-Hilbert term, one may transform the Jordan frame scale-and CP -invariant action (2.11) into the Einstein frame, using the local Weyl transformation 14) where, Φ, ψ, and A µ correspond, respectively, to the real scalar, fermionic, and gauge vector degrees of freedom present within the Jordan frame Lagrangian. Under the local conformal transformation (2.14) , all the non-derivative interactions, as well as the fermion and vector gauge boson kinetic terms remain invariant. The scalar kinetic terms are, in general, not invariant under such a transformation and additionally generate a kinetic term for the F state [19] , which makes the latter a proper dynamical field in the Einstein frame. The Einstein frame action with the canonical Einstein-Hilbert term manifestly present, hence, takes the form 15) where, the scalar sector is given by
Defining the "conformal" form of the F scalar, according to 17) and using (2.12) , one deduces for the scalar kinetic and potential terms (2.16) in the Einstein frame
18)
The presented framework, thus, contains three scalars which obtain nonzero VEVs; namely, φ and η (c.f. (2.2)), and ζ. Using (2.13) and (2.17) , one simply arrives at
(2.20)
The Einstein-frame tree-level potential (2.19) is bounded from below for the same conditions (2.9a) and (2.9b). 4 The scalar kinetic terms (2.18) are, in general, non-canonical in the Einstein frame; however, as we will demonstrate, there is a particular flat direction in the field space of the potential, along which it is possible to define a single canonical scalar degree of freedom, which will additionally serve as the inflaton of the theory.
B. Perturbative Minimization of the Potential and the Tree-level Mass Eigenstates
In principle, in order to identify the true (dynamically-induced) vacuum of the system, one should compute and minimize the full one-loop effective potential, which may not be possible to perform analytically. In contrast, the perturbative minimization procedure, developed by Gildener and Weinberg [20] , provides a convenient and economical method to achieve this goal. The perturbative minimization occurs in two steps, where initially only the tree-level potential is minimized with respect to its field content. This tree-level minimization happens at a definite energy scale, as a consequence of the running of the couplings as a function of the energy in the full quantum theory, and defines a flat direction among the scalar fields. Subsequently, one computes the one-loop corrections only along this flat direction, where they play the dominant role, remove the flatness, and specify the physical vacuum.
Since, in the Einstein frame, all of the scalar fields are manifestly dynamical, possessing (non-canonical) kinetic terms (2.18), we carry out the perturbative minimization of the potential in this frame using (2.19) . Specifically, we demand
The conditions (2.21) establish the flat direction of the tree-level potential, along which one derives the relations 23) where, v ζ has been eliminated using (2.20) , and Λ denotes the aforementioned minimization energy scale. These relations demonstrate instances of the dimensional transmutation phenomenon, where dimensionful quantities may be generated from the (combinations of) dimensionless couplings. The flat direction of the tree-level potential is identified by inserting the relations (2.22) and (2.23) into (2.19) , while keeping in mind the definite energy scale Λ at which the flat direction is defined. At this point, several observations are in order:
• The first term on the right-hand side of (2.22) exhibits the technical naturalness of the theory. In particular, it demonstrates that the weak scale is not destabilized by the quadratic contributions from the singlet scale, since the magnitude of the mixing between the two scales (λ + m ) is proportional to their ratio; i.e., λ
as a direct consequence of the scale symmetry. 5 In addition, this terms is negative, resulting in the successful spontaneous electroweak symmetry breaking (c.f. (2.4) ).
• The second term on the right-hand side of (2.22) and (2.23) , on the other hand, represents an additive correction, which is a priori not under control by the scale symmetry, and may potentially jeopardize the technical naturalness of the theory. We shall demonstrate below (c.f. (2.43) and (2.44) ) that this term is related to the cosmological constant problem, which is not explicitly incorporated within the current scale-invariant framework and remains an unresolved issue. Since the cosmological constant is currently not protected by the introduced scale symmetry, we have to ignore its additive contribution on the right-hand sides of (2.22) and (2.23) throughout the remaining of this discussion.
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• The above notion of the technical naturalness is inherently based on the tree-level relation (2.22) and (2.23) obtained at a particular energy scale Λ; therefore, one may (rightfully) wonder about the effects of the quantum corrections. These effects are, nonetheless, captured by the running of the relevant couplings as a function of the renormalization scale, which is only logarithmic in nature. The quadratic divergences, therefore, remain absent even at the quantum level, and the technical naturalness of the framework prevails.
The three scalars φ, η, and ζ with nonzero VEVs exhibit quadratic mixings, manifest as off-diagonal terms in their mass matrix. These scalar masses may be diagonalized by a three-dimensional orthogonal rotation, 7 parametrized by the three angles ω 1 , ω 2 , and ω 3 , which is of the form 24) with c i ≡ cos ω i and s i ≡ sin ω i (i = 1, 2, 3). The h, σ, and κ degrees of freedom are the corresponding physical scalars in the mass basis. Note that for each pair of the angles being equal to zero (i.e. ω i = ω j = 0 for i = j), the orthogonal matrix R in (2.24) reduces to the ordinary two-dimensional rotation about the remaining axis. Within the scale-symmetric framework, the mass matrix of the φ, η, and ζ scalars possesses as one of its eigenvectors the direction along the (dynamically-generated) nonzero VEVs (2.25) This direction corresponds to the pseudo-Nambu-Goldstone boson of the (approximate) scale symmetry, which is identified with the σ boson in (2.24) . Hence, the eigenvector (2.25) may be inserted as the second column of the rotation matrix R in (2.24), yielding 26) along the flat direction. Inserting the relations (2.26) into the scalar mass matrix and demanding all off-diagonal terms to be zero, we find for the remaining ω 3 angle 27) It is worth noting that in the limit of a singlet VEV much larger than the weak scale, v η v φ , one obtains tan ω 1 → 0 and tan ω 3 → 0. This, in turn, implies a negligible mixing of the electroweak sector with the singlet and the gravity sectors, as required by the technical naturalness of the theory as a consequence of the scale symmetry.
With the three mixing angles determined in (2.26) and (2.27) , the following diagonalized tree-level masses are obtained 28) where, the ellipses represent the (ignored) contributions arising from the second term on the right-hand sides of (2.22) and (2.23) . For convenience, we have expressed the mass of the h scalar in terms of the electroweak parameters; whereas, the scalar graviton mass, M κ , is expressed in terms of the reduced Planck scale. In this framework, we identify the h scalar with the discovered Higgs-like boson at the LHC [4] ; i.e., M h = 125 GeV. The pseudoNambu-Goldstone boson of the (approximate) scale symmetry, σ, is massless at tree-level; however, it obtains a radiatively-generated mass at one-loop (c.f. (2.41)). In contrast, the electroweak Nambu-Goldstone bosons, π 0,± , remain massless to all orders in perturbation theory. The remaining degrees of freedom-the dark matter pseudoscalar χ, the right-handed Majorana neutrinos N , and the LW graviton θ-possess diagonal mass terms. Expressing these, for convenience, in terms of the reduced Planck scale, we subsequently arrive at 29) where, the ellipses represent, once more, the (ignored) contributions from the final term on the right-hand sides of (2.22) and (2.23).
C. One-loop Effective Scalar Potential Along the Flat Direction
As discussed in the previous subsection, the flat direction of the tree-level potential is characterized by the radial combination of the scalar fields with nonzero VEVs (2.25) , corresponding to the direction of the pseudo-NambuGoldstone boson of the (approximate) scale-symmetry, σ,
On the one hand, using the relations (2.26) between the fields along the flat direction, it is instructive to deduce from (2.30) the following equalities
On the other hand, the σ boson is expressed in terms of the field components according to the orthogonal rotation (2.24)
The relation (2.30) (or equivalently (2.25) ) implies that the kinetic term of the σ scalar is non-canonical by virtue of (2.18) , taking the form
Nevertheless, since this scalar constitutes the sole relevant degree of freedom along the flat direction, it's kinetic term can be brought into the canonical form by means of a field redefinition. Substituting ζ in (2.33) by σ using (2.31), one can perform the integration
where, σ c is the corresponding scalar with the canonical kinetic term,
The self-interactions of the σ scalar (or equivalently its canonical redefinition σ c ) vanish in the tree-level potential (2.19) with the flat direction conditions (2.22) and (2.23) implemented. Hence, the leading-order self-interactions of this scalar along the flat direction arise at one-loop. According to [3] , the one-loop corrections along the flat direction for the canonical field σ c at the scale Λ may be written as (2.35) with the coefficients A and B parametrizing the contributions from all the relevant degrees of freedom in the loop. Specifically, within the MS renormalization scheme, (2.36) with M S , M V , M F , and M T , the scalar, vector, fermion, and tensor masses in the loop, and the traces capturing the remaining internal degrees of freedom. In our model, we obtain for these coefficients (2.38) where, the heavy SM degrees of freedom are included for completeness. In addition, since the kinetic term of the σ boson becomes canonical at the minimum, we have set v σc = v σ . The scale Λ can be determined by minimizing (2.35), yielding
Utilizing the expression for Λ, one can reconstruct the one-loop contribution (2.35) entirely in terms of the B coefficient (2.38),
These one-loop corrections induce a radiatively-generated mass for the σ scalar
The value of the one-loop contribution (2.40) is negative at the minimum. However, one can show that the treelevel potential (2.19) is non-vanishing at the minimum along the flat direction, due to the gravitational contributions. In particular, one obtains
At this point, we demand that the value of the full one-loop effective σ potential (the sum of the tree-level and the one-loop contributions) to be zero at the minimum
This is equivalent to imposing the cosmological constant to be equal to zero at one-loop. Solving (2.43) forM 2 P , we retrieve, up to the first-order, for the definition of the reduced Planck scalē
which, includes a one-loop correction to the tree-level definition (c.f. (2.12) and (2.13)). Hence, the one-loop effective σ potential along the flat direction takes the final form
where, we have expressed v σ in terms of the reduced Planck scale, by means of (2.31) and (2.20) ,
The final additive term inside the square brackets in (2.45) is due to the non-vanishing gravitational contributions at the minimum of the tree-level potential (c.f. (2.42)), which serve to cancel the negative one-loop contributions at the minimum (condition (2.43)). One observes that the one-loop effective potential (2.45) is positive-definite and bounded from below for M 4 > 0, which implies a nontrivial relation between the masses (c.f. (2.38))
This relation guarantees a non-tachyonic mass for the σ boson by (2.41). Moreover, (2.47) implies that the righthanded Majorana neutrinos cannot constitute the heaviest state within the framework.
D. Independent Free Parameters of the Framework
The (ad hoc) requirement of a vanishing cosmological constant at one-loop (2.43) provides an interesting insight into the nature of the additive contributions to the flat direction naturalness conditions (2.22) and (2.23) . In particular, one notes that (2.44) compels the additive corrections on the right-hand sides of (2.22) and (2.23) to be nonzero at one-loop and of the order O(M 4 /v 4 η ). This is a direct consequence of the fact that our scale symmetry does not offer any protection against the cosmological constant, since the latter is not incorporated within the scale-invariant formalism of the current framework. Hence, we simply ignore the additive contribution of the cosmological constant to the tree-level relations.
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At this stage, let us examine the independent free parameters of the theory. One can show that the model contains nine independent parameters, which, without loss of generality, may be conveniently taken as the following set
We recall that the mass of the σ boson (2.41) is radiatively generated at one-loop; therefore, it is fully determined in terms of the parameter set (2.48) and does not constitute an independent parameter,
with M 4 defined in (2.38). As a consequence, whenever convenient, any of the first five inputs in (2.48) may be replaced by m σ as a free parameter instead.
Fixing the values of the weak and the reduced Planck scales, the remaining parameters and couplings of the formalism may all be conveniently expressed in terms of the set (2.48), where, as discussed, we neglect the one-loop (cosmological constant related) O(M 4 /v 4 η ) corrections to the tree-level relations. In particular, defining the ratio of the two scales as 50) and using (2.20) and (2.26) , we obtain
This, in turn, results in an expression for the non-minimal coupling of the η scalar via (2.44)
Moreover, the mass definitions (2.28) and (2.29) may be utilized to convert their corresponding couplings in terms of the set (2.48), according to
53)
9 Alternatively, one may "fine-tune" the difference between the bosonic and fermionic masses in order to obtain a very small M 4 (c.f. (2.38)). For the additive corrections to be parametrically smaller than the leading term on the right-hand sides of (2.22) and (2.23) , one needs M 4 v 4 φ , requiring the bosonic and fermionic masses to be extraordinary close to one another. Nevertheless, such a fine-tuning is fundamentally different than the one in the traditional sense, in which the couplings would have been chosen to be unnaturally small to produce very light overall masses. Unfortunately, such a tiny M 4 results in a very small amplitude for the one-loop effective potential (2.45), giving rise to an unacceptably suppressed primordial perturbation power spectrum (see Sec. IV).
where, only the leading-order terms of the λ φ and f 2 0 couplings are displayed, given the complicated form of their full expressions.
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The ω 3 mixing angle is defined in (2.27) , with the relations (2.53) implied, whereas ω 1 is obtained via its corresponding definition (2.26) , and takes the final form
Finally, the above relations yield for the couplings (2.22) and (2.23)
where, as discussed, the one-loop induced cosmological constant contributions are ignored. This concludes the introduction of the framework's formalism and notations. In the following sections, we proceed to analyze several phenomenological and cosmological implications of the presented minimal scale-and CP -symmetric model.
III. VACUUM STABILITY AND PERTURBATIVITY
Gauge theories with an extended scalar sector may develop Landau poles at finite values of the renormalization scale [22, 23] , and violate the perturbativity of the theory; hence, one should examine the behavior of the running couplings as a function of the energy. As demonstrated in the following sections, the mixing angle range relevant to the inflation and the dark matter resides within tan ω 2 0.01. Using (2.51), one can deduce the corresponding energy range, v η 250M P . Therefore, within the framework under consideration, it is sufficient to demand that all gauge, fermionic, and scalar couplings remain perturbative up to at least an energy scale of 250M P , where the internal consistency of the theory is guaranteed. As the indicator for a Landau pole, we choose a maximum running coupling value of 4π.
11 In addition, the conditions for the vacuum stability of the scalar potential (2.9a) and (2.9b), as well as the positivity of f 2 0,2 , should be satisfied for the running couplings in the entire energy range up to the mentioned cutoff. The non-minimal coupling ξ η remains perturbative within the Agravity framework by enforcing ξ η 1/f 0,2 [9] .
Within the current scale symmetric framework, the Λ scale (2.39)-at which the flat direction of the potential is defined-can be used as the characteristic energy for the starting point of the non-SM couplings. This energy scale is formally a function of the mixing angle and the masses in (2.48). For consistency, we assume that this scale is smaller than the Planck scale, Λ M P , such that the non-SM couplings become active below the Planck scale.
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Once the β-functions of the couplings are obtained, one may (numerically) solve the renormalization group (RG) equation µ dτ /dµ = β τ (τ any of the running couplings and µ the renormalization scale), in order to determine the behavior of the couplings as a function of the energy. We shall report the one-loop β-functions of all relevant running couplings, calculated within the MS-scheme. The SM couplings' β-functions are analytically known up to two-loops within the literature [27] , those of our extended scalar sector and the right-handed Majorana neutrinos were first calculated in [2] , and all gravitational contributions 13 are deduced from the Agravity framework [9] .
14 Let us begin by discussing the gauge couplings' β-functions. Within the described model, the SM gauge interactions are unaffected and their usual β-function expressions are appropriate
We employ a hypercharge coupling normalization according to g = 3/5 g 1 , where g 1 is the corresponding coupling with the GUT normalization. 15 Furthermore, the β-functions of the Agravitational interactions f 10 We retain the exact ε-dependent expressions of all the parameters and couplings in our numerical calculations. 11 One can check that larger indicator values will not significantly change the energy scale associated with the Landau pole. 12 For the purpose of the current analyses, we assume that the SM vacuum is stable up to M P , which is a physical possibility, given the measured values of the Higgs boson and the top quark masses [24] . Alternatively, one may postulate beyond the SM physics (around the TeV scale), responsible for the stability of the vacuum up to the Planck scale (see [2, 7] for a classically scale invariant example), at the expense of a less minimal framework. For more recent discussions addressing the effects of the Planck scale physics on the SM vacuum stability, see [25] . Scale-symmetric theories satisfying Total Asymptotic Freedom are classified in [26] . 13 All the relevant β-functions are computed within the Jordan frame [9] . It has been shown that, in the limit of the weak gravitational interactions, the one-loop β-functions in the Jordan and the Einstein frames are compatible with one another [12] . 14 We note that some discrepancy exists between a number of the Agravity β-functions and the results previously reported within the literature (e.g. [28] ). See also the relevant discussion and the provided references in [9] in this regard. 15 Within the SM, the hypercharge coupling develops a Landau pole around µ ∼ 10 41 GeV.
where, β f 2 2 contains, in addition to the SM contributions, those of the three right-handed Majorana neutrino flavors, as well as the additional three (real) scalars, η, ζ, χ. Interestingly, one observes that the f 2 2 coupling is asymptotically free.
The dominant Yukawa interactions of the model are represented by those of the top quark and the flavor universal right-handed Majorana neutrinos. The β-functions of these fermions receive an additional Agravitational correction from f 2 2 . Moreover, the right-handed Majorana neutrinos are SM gauge singlets and do not mix with the ordinary SM fermions. Hence, one obtains
The scalar non-minimal couplings also run as a function of the renormalization scale, and their β-functions read
Note that, according to (2.10) , the CP -symmetry only allows for a right-handed Majorana neutrino Yukawa interaction with the η scalar. Finally, taking into account the coupling normalizations of the potential (2.3), the scalar quartic coupling β-functions may be expressed as
As mentioned, the non-SM couplings become effectively active at the flat direction energy scale Λ M P . At this scale, the starting values of four of the couplings directly constitute as independent input parameters; namely, those of λ − m , λ χ , ξ H , ξ χ (c.f (2.48)). The matching value of λ φ as well as the starting values of the remaining couplings, at this same energy scale, are defined in (2.52), (2.53), and (2.55) in terms of the input parameter set. Armed with
Vacuum stability and perturbativity constraints (yellow region), displayed within the MN − Mκ plane, for a cutoff energy µ ∼ 250MP, and the benchmark values λχ = ξH = 1 and M θ = 2MP. All colored regions are excluded, and the panels exhibit the dependence on the varying λ − m and ξχ from large to small. The solid lines correspond to the dark matter mass Mχ =MP, whereas the dotted lines signify an additional exclusion for the lighter Mχ = 0.1MP. The upper bound on Mκ is determined by λ φ (λχ) developing a Landau pole for ξχ = 0.1 (ξχ = 1), and is virtually independent of the dark matter mass. At larger right-handed Majorana neutrino masses, the vacuum stability is violated below the cutoff due to the large negative fermionic contributions to the β-functions; hence, a lower bound on Mκ is developed, since an adequate positive bosonic contribution is necessary for compensation. Note that this lower bound becomes more stringent for the lighter (bosonic) dark matter masses. The green region to the right side of the panels indicates the one-loop bounded from below constraint (2.47), and is almost identical for both dark matter masses, given the dominant M θ contribution. A universal value of the mixing angle tan ω2 = 0.1 has been selected for illustration; nevertheless, a dependence on the value of this parameter is relatively mild for most of its range. the theory's β-functions (3.1)-(3.5), one may (numerically) solve the relevant (coupled) RG equations, determine the behavior of the running couplings as a function of the renormalization scale µ, and explore the regions of the parameter space (2.48) where the perturbativity and the vacuum stability conditions are satisfied.
The constraints arising from demanding the stability of the vacuum and the perturbativity of the couplings up to at least the energy µ ∼ 250M P , as well as the one-loop bounded from below condition (2.47), are plotted in Figs. 1-4 within the M N − M κ plane, for various (large and small) benchmark choices of the remaining free parameters. A universal value of the mixing angle, tan ω 2 = 0.1, has been applied throughout for illustration. A dependence on the exact value of this parameter is relatively mild for most of its range, with larger mixing angles allowing for heavier M κ . Fig. 1 depicts the mentioned constraints for the larger benchmarks λ χ = ξ H = 1 and M θ = 2M P . The four panels
Vacuum stability and perturbativity constraints (yellow region), displayed within the MN − Mκ plane, for a cutoff energy µ ∼ 250MP, and the benchmark values λχ = ξH = 1 and M θ = 0.1MP. All colored regions are excluded, and the panels exhibit the dependence on the varying λ − m and ξχ from large to small. The solid lines correspond to the dark matter mass Mχ =MP, whereas the dotted lines signify an additional exclusion for the lighter Mχ = 0.1MP. The green region to the right side of the panels indicates the one-loop bounded from below constraint (2.47). A universal value of the mixing angle tan ω2 = 0.1 has been selected for illustration.
correspond to the varying λ − m and ξ χ from large to small. A heavy M κ drives the scalar couplings swiftly toward a Landau pole before the cutoff is reached; therefore, the perturbativity condition implies an upper limit on this mass parameter. For the larger ξ χ (left column), it is the λ χ quartic coupling which encounters a Landau pole, whereas, for the smaller ξ χ (right column), this occurs for λ φ . On the other hand, heavier right-handed Majorana neutrinos result in a destabilization of the potential below the cutoff, via their large negative fermionic contributions to the β-functions. For a given M θ and M χ , this necessitates a large enough positive bosonic contribution from the κ scalar, in order to counterbalance the destabilizing fermionic effects. As a result, the vacuum stability condition imposes a lower limit on M κ . Although the M κ upper limit is practically independent of the dark matter mass, M χ , its lower limit is noticeably affected by this parameter; in particular, a lighter M χ provides a less positive bosonic contribution to the β-functions, resulting in a more stringent lower bound on M κ for a heavier M N . Moreover, given the large M θ , as well as λ χ and ξ H in this figure, the β-functions are essentially dominated by the gravitational contribution of f 2 2 , leaving a moderate dependence on the remaining parameters. The same observation is also valid for the depicted constraints from the one-loop bounded from below condition (2.47).
In contrast, the effect of lowering M θ to 0.1M P , while keeping the remaining aforementioned benchmarks unaltered, is exhibited in Fig. 2 , where, once more, the panels correspond to the varying λ − m and ξ χ from large to small. In
Vacuum stability and perturbativity constraints (yellow region), displayed within the MN − Mκ plane, for a cutoff energy µ ∼ 250MP, and the benchmark values λχ = ξH = 0.1 and M θ = 2MP. All colored regions are excluded, and the panels exhibit the dependence on the varying λ − m and ξχ from large to small. The solid lines correspond to the dark matter mass Mχ =MP, whereas the dotted lines signify an additional exclusion for the lighter Mχ = 0.1MP. The green region to the right side of the panels indicates the one-loop bounded from below constraint (2.47), and is almost identical for both dark matter masses, given the dominant M θ contribution. A universal value of the mixing angle tan ω2 = 0.1 has been selected for illustration.
this case, given the less prominent contribution of the LW graviton, a dark matter mass dependence of the condition (2.47) is far more pronounced, as evident from the panels. This condition immediately excludes large values of M N , taming their negative fermionic contributions to the scalar couplings' β-functions. A large λ − m (top row) provides, then, an adequate positive counterbalance within the β-functions, guaranteeing the stability of the vacuum up to the cutoff. Consequently, the M κ lower bound resides at much smaller values, outside the displayed region. Nonetheless, for a small λ − m (bottom row), a heavy enough M κ becomes, once more, necessary and a lower limit on this mass parameter is imposed by the stability of the vacuum; thereby, significantly shrinking the viable region. As in Fig. 1 , the M κ upper limits are determined by the perturbativity of λ χ (for the large ξ χ ) and λ φ (for the small ξ χ ). A dependence on the dark matter mass is virtually negligible for these M κ upper and lower limits.
In Fig. 3 , we examine the viable regions of the parameter space for the smaller benchmarks λ χ = ξ H = 0.1 and the larger M θ = 2M P , with the panels corresponding to the varying λ − m and ξ χ as before. In contrast with the case plotted in Fig. 1 , the smaller values of λ χ and ξ H largely tame the gravitational contributions of f 2 2 within the scalar couplings' β-functions, rendering a dependence on the remaining parameters more relevant. In particular, due to the smaller ξ H , the running of the λ φ coupling is much less prominently affected by the gravitational contributions, and the M κ upper limit in all panels is exclusively determined by the λ χ Landau pole. As in Fig. 2 , a larger λ row) provides adequate positive contributions to counterbalance the negative fermionic effects of the smaller values of M N , whereas for the heavier right-handed Majorana neutrinos additional bosonic contributions from the scalar graviton become essential. This leads to a M κ lower limit for larger values of M N , with a noticeable dependence on the dark matter mass, in analogy with Fig. 1 . On the other hand, a smaller λ − m (lower row) cannot, on its own, compensate for the destabilizing fermionic contributions even for the lighter right-handed Majorana neutrinos, and, as in Fig. 2 , the vacuum stability implies a lower bound on M κ , significantly reducing the viable parameter space, practically independent of the mass of the dark matter.
Finally, in Fig. 4 , we demonstrate the effect of lowering M θ to 0.1M P , while keeping the remaining benchmarks of Fig. 3 unaltered, and varying λ − m and ξ χ from large to small as before. Once more, the reduced LW graviton mass results in a more pronounced dependence of the condition (2.47) on the dark matter mass. In this case the bosonic gravitational f 2 2 contributions are subdominant within the β-functions due to the small M θ , as well as the suppression by the small λ χ and ξ H . The upper and lower bounds on M κ essentially follow the previous discussions pertaining to Figs. 2 and 3 ; however, with the noticeable difference that the parameter space for the small λ − m and large ξ χ is now completely excluded. This is attributed to the lack of adequate positive bosonic contributions within the β-functions of the scalar couplings to properly compensate for the negative contributions of the Majorana fermions. This results in the M κ lower limit (due to the vacuum stability) to surpass its upper limit (due to the perturbativity), therefore, excluding the entire region of the parameter space.
The aforementioned discussions in this section lead to the general observation that, for the cases where the gravitational contributions are sufficiently suppressed within the current framework, a smaller λ − m significantly reduces the viable regions of the parameter space, mainly due to the vacuum stability requirement.
IV. INFLATION
In our developed model, the sole relevant scalar degree of freedom along the flat direction with a non-vanishing (radiatively-induced) potential is the σ boson. In this section we analyze the consequences of identifying this degree of freedom, in its canonical form, with the inflaton, whose potential is given by (2.45) , and confront our predictions with the available cosmological data.
For this purpose, we consider the slow-roll inflation paradigm, and demand the inflaton potential, V given in (2.45), to satisfy the slow-roll approximations,
To reflect these approximations, we introduce the slow-roll parameters 2) where, the field subscripts denote taking the appropriate derivative(s) of the potential with respect to the argument. With the approximations in (4.1), the background equations of motion are given by
As evident from the potential (2.45), the background dynamics of the σ c field is entirely governed by two parameters; namely, the mixing angle sin ω 2 , and the overall mass combination M (2.38). The number of e-foldings may, subsequently, be computed using the slow-roll equations of motion (4.3) , 4) where, σ c,i and σ c,e represent the values of the σ c inflaton at the beginning and at the end of the inflation, respectively. Given the inflaton potential (2.45), the integration in (4.4) may be performed analytically, yielding 5) with Ei(z) the exponential integral (Ei(z) = − ∞ −z e −t t dt), and li(z) the logarithmic integral (li(z) = z 0 1 log t dt). Furthermore, the end of the inflation is characterized by the usual condition: | σc=σc,e ∼ 1.
Other relevant inflationary quantities, such as the amplitude of the scalar perturbations, A s , the scalar spectral index, n s , the tensor-to-scalar ratio, r, along with its running, α s = dn s /d log k, are defined in the usual way 6) where, the subscripted asterisk indicates the value at the horizon crossing point, σ c = σ c,i . Using the inflaton potential (2.45) and the slow-roll parameter definitions (4.2), the above observables can be calculated in a straightforward manner, as functions of sin ω 2 , M, and the field value of σ c,i at the horizon exit. As mentioned, the end of the inflation is characterized by requiring | σc=σc,e ∼ 1. From this condition, one may compute the field value σ c,e at the end of the inflation as a function of the mixing angle, sin ω 2 .
16 Using the analytical expression for N (4.5), the corresponding initial field value, σ c,i , is subsequently determined, as a function of the Model's predictions for both the small and large field inflation scenarios are also depicted (dashed lines) for the e-folding numbers, N = 60, 80, and the full range of the mixing angle, sin ω2. Near the sin ω2 → 0 limit, the model reduces to the ordinary chaotic inflation scenario, indicated by the diagonal line labeled as "ϕ 2 -model" within the plot.
mixing angle, for a given e-folding number. It is noteworthy that the initial and the final field values, as connected by the number of e-foldings, may reside on either side of the VEV (2.46), corresponding to the small and the large field inflation scenarios. Once the initial field value, σ c,i , for either scenario is obtained, it may be utilized to compute the inflationary observables (4.6) . A comparison of the model's predictions for these inflationary quantities with their observational values, thus, results in constraints on the framework's relevant free parameters.
The constraints from several cosmological data sets, as published by the Planck Collaboration [10] , are plotted within the n s − r panel, displayed in Fig. 5 . In addition, the model's predictions for the small and large field inflation scenarios are superimposed for two given e-folding numbers, N = 60, 80, while covering the full range of the mixing angle, sin ω 2 . It is interesting to observe that, in the limit sin ω 2 → 0, the inflaton potential (2.45) near its minimum (2.46) reduces to
( 4.7) This is the usual potential for the chaotic inflation scenario, from which one reads for the spectral index and the tensor-to-scalar ratio, (n s , r)
Hence, one obtains the values (n s , r) = (0.967, 0.132) for N = 60, and (n s , r) = (0.975, 0.099) for N = 80 in this limit. In the opposite limit, sin ω 2 → 1, the inflation can formally be driven at either side of the VEV, for small or large field values. For larger values of the mixing angle, it is, however, increasingly more difficult to reconcile the large field inflation scenario with the observational data, as the potential becomes too steep. Conversely, within the small field inflation scenario, the potential assumes a relatively flat shape, and the corresponding slow-roll parameter is extremely small; therefore, the spectral index (c.f. (4.6)) is mainly determined by η. In the large mixing angle limit of this scenario, the leading behavior of the observables takes, subsequently, the approximate form (n s , r)
Furthermore, we perform a statistical study of the model, utilizing the χ 2 analysis. For this purpose, we have employed the MCMC chains from the Planck Legacy archive data to obtain constraints on (log A s , n s , α, r). This (4.10) and the inverse covariance matrix of (log A s , n s , α, r) is given by (4.11) For the Planck TT, TE, EE+lowP data set, the mean values of (log A s , n s , α, r) are: (4.13) It is straightforward to derive statistical constraints on the model parameters by computing the corresponding χ 2 for each data set. Defining x 1 = log A s , x 2 = n s , x 3 = α and x 4 = r, the χ 2 parameters are given according to
14) 15) where, Cov −1 is the inverse of the covariance matrix, given in (4.11) and (4.13) , and x data i are the mean values from (4.10) and (4.12) . Starting with the input parameters log 10 (M/M P ), log 10 sin ω 2 , N , one can calculate the χ −3, 0] and N = [20, 180] . To obtain the likelihood distributions for the model parameters, we use the Markov chain Monte Carlo method, based on the Metropolis-Hastings algorithm, which allows for a random exploration of the parameter space favored by the observational data [29] . The method makes decisions for accepting or rejecting a randomly chosen chain element via the probability function P ∝ exp(−χ 2 /2). Additionally, during the MCMC analysis, we use a simple diagnostic to test the convergence of the MCMC chain; i.e., the means estimated from the first (after the burning process) and the last 10% of the chain should be approximately equal to one another, if the chain has converged (see e.g. Appendix B in [30] ).
The results are displayed in Tab. I for a summary of the parameter constraints with the mean, as well as the 1σ C.L., and in Fig. 6 for the marginalized one-dimensional probability distributions of the individual parameters. One observes that the second data set (temperature data combined with the polarization data) yields more restricted results as compared with the first data set (temperature data alone). This is perhaps not surprising, given the more stringent nature of the Planck TT, TE, EE+lowP data set. The best-fit locations in the parameter space are determined as (log 10 (M/M P ), log 10 sin ω 2 , N ) = (−1.43, −0.99, 62.95) , (4.16) for the Planck TT+lowP data set, and (log 10 (M/M P ), log 10 sin ω 2 , N ) = (−1.42, −1.01, 65.05) , (4.17) for the Planck TT, TE, EE+lowP data set. One deduces from this statistical analysis that the most likely value of the mixing angle compatible with the observation is near sin ω 2 ∼ 0.1, whereas the corresponding most favorable value of the mass combination lies around M ∼ 10 −1.4M P ∼ 10 17 GeV, with a most likely e-folding number in the vicinity of N ∼ 65.
Thus, based on the aforementioned discussion, we conclude that the small field inflation scenario is fully compatible with the observational data within the current framework. This fact is further illustrated in the panels of Fig. 7 , where the marginalized probability distributions are shown within the sin ω 2 − M/M P and the N − M/M P planes, for the Planck TT+lowP and Planck TT, TE, EE+lowP data sets. The contours constrain the range of the relevant parameter space at 68% C.L. and 95% C.L.; specifically, one observes that the mass combination (2.38) is confined to 0.001 M/M P 1. This range is predominantly dictated by the amplitude of the scalar perturbations, A s , which is a function of M (c.f. (4.6) ). It is evident that the observational data favor smaller values of M for the larger mixing angles and e-folding numbers.
V. REHEATING AND DARK MATTER
Toward the end of the inflation, the inflaton field, σ c , oscillates around the minimum of the potential (2.45), and quickly settles in its nonzero VEV (2.46) . During this oscillation, the Universe is dominated by the matter-like phase. The inflaton field finally decays into the lighter particles and reheats the Universe. Assuming that the reheating is mainly due to the perturbative decay of the inflaton field, the dominant decay occurs when the inflaton decay rate is comparable in magnitude to the Hubble expansion rate, Γ σc ∼ H(T reh ). Using the expression for the Hubble expansion rate as a function of temperature [31, 32] 1) one may, subsequently, compute the reheating temperature, T reh , in terms of the inflaton decay rate Γ σc
Here, g rad = 106.75 + N s represents the effective number of thermalized relativistic degrees of freedom at T reh , with N s the number of the non-SM scalar contributions. The pseudoscalar dark matter, χ, constitutes a WIMPzilla candidate [13] , with a mass much larger than the reheating temperature, which becomes non-relativistic at the time of the reheating. As the inflaton mass is also larger than the reheating temperature, hence, only a sufficiently light scalar graviton, κ, can thermalize and contribute to g rad ; i.e., g rad = 107.75 for M κ T reh . In order to calculate the total decay rate of the inflaton, Γ σc , one must identify the various (kinematically) allowed decay channels within the current framework. This can be achieved by re-expressing the field basis potential along the flat direction (potential (2.19) with the conditions (2.22) and (2.23) implemented) in terms of the physical scalar mass eigenstates (2.24) . Using the mass definitions (2.28) and (2.29) , one then obtains the following scalar trilinear couplings
3)
The σ → χχ and σ → κκ decay channels are kinematically open for the masses M χ , M κ ≤ m σ /2, respectively. Since the inflaton field has a component along the SM Higgs boson φ (c.f. (2.32)), its coupling to the SM vector bosons and fermions is proportional to the usual SM values, albeit with a mixing angle suppression factor 4) where, iλ φij denotes the SM value for the coupling of the SM Higgs boson, φ, to the i and j fermions or vector bosons. For our purposes, it is sufficient to consider only the heavy SM states; i.e., ij ∈ {tt, W + W − , ZZ}. Finally, the inflaton field may decay into a pair of right-handed Majorana neutrinos. This coupling is proportional to the corresponding Yukawa coupling with the η scalar (2.10), suppressed by the appropriate mixing angle factor from (2.32),
In analogy with the χ and κ states, the σ → N N decay channel may be kinematically available depending on the mass M N ; i.e., for
Having determined all relevant decay channels, the inflaton decay rate into pairs of each particle species can be computed using the standard methods, and we quote the results for completeness 6) with S, F, V denoting the scalar, fermion, and vector boson species, respectively, and the couplings λ S,F,V as defined in (5.3)-(5.5). The statistical factors take into account the remaining internal degrees of freedom associated with each particle species, as well as a double-counting for identical particles in the final state; specifically, for identical scalars in the final state f S = 1/2, colored top quarks f t = 3, three flavors of the right-handed Majorana neutrinos f N = 3/2, and the vector bosons f W = 1 and f Z = 1/2. The total (dominant) decay rate of the inflaton is, thus, obtained by the sum of the aforementioned decay rates
which, is a function of the first five free parameters in (2.48); i.e., the mixing angle ω 2 , and the four masses. Substituting (5.7) into (5.2), consequently, yields the reheating temperature as a function of these five input parameters. Within the current framework, the stable supermassive χ pseudoscalar can serve as a WIMPzilla dark matter candidate. Such supermassive particles may be pair-produced early on during the reheating epoch, when the maximum temperature is much higher than the characteristic reheating temperature (5.2). As a consequence, WIMPzillas with O(2000 T reh ) masses may be produced by the scattering of the thermalized decay products of the inflaton, while exhibiting the correct dark matter relic abundance [13] . Hence, such WIMPzillas are highly non-relativistic once the characteristic reheating temperature, T reh , is eventually reached.
An analytical estimate for the relic abundance of these supermassive dark matter candidates, in the slow reheating process, reads [13] 8) with σv ann representing the thermally averaged total cross section for the pair-annihilation of WIMPzillas, taking into account the Møller flux factor. For heavy non-relativistic WIMPzillas, the center of mass energy of the pairannihilation process simply amounts to s CM 4M 2 χ ; therefore, one may approximate the leading order thermally averaged total cross section as [31, 32] 9) where, E 1,2 denotes the energy of the annihilating χ pseudoscalars, v 12 is their relative velocity, and σ ann represents the total 2 → 2 scattering cross section. Fig. 8 displays the relevant diagrams for the (kinematically available) dominant final state products of the WIMPzilla pair annihilation, where, once more only the heavy SM degrees of freedom are taken into account, in addition to the non-SM states. All relevant trilinear and quartic scalar couplings can be extracted from the potential along the flat direction, as previously elaborated (c.f. the explanation above (5.3)), in a straightforward manner. 18 The
Dark matter relic abundance curve (solid blue) as reported by the Planck Collaboration [10] , with a 1σ uncertainty thickness, in the sin ω2 − Mχ plane, for M θ =MP, and several (small and large) values of the free parameters λ − m and MN . The gray-shaded region (dotted line) corresponds to Mχ/T reh > 2000, and is considered to be ruled out within the WIMPzilla paradigm. The dot-dashed line illustrates Mχ/T reh = 500, signifying the fact that the non-relativistic approximation remains valid for the WIMPzilla relic abundance curve, which always remain far above this value. Universal values of the remaining free parameters ξH = ξχ = 1 and Mκ = 0.1MP are selected for illustration (the "kink" of the relic abundance curve near Mχ ∼ 10 17 GeV is attributed to the κ threshold). While (slightly) larger values of the κ mass pushes the relic abundance curve into the excluded gray region, a dependence on the exact values of these three parameters within the allowed region is negligible.
couplings of the physical scalars to the fermions and gauge bosons are proportional to those of their corresponding field basis definitions with the appropriate mixing angle suppression factors. Computing the total 2 → 2 scattering cross section using the standard methods, one arrives at the thermally averaged total cross section (5.9), which is formally a function of all of the model's input parameters (2.48), except for the dark matter quartic coupling, λ χ . Inserting this expression into (5.8) , one can exploit the available inputs, in order to determine the parameter space giving rise to the observed value of the dark matter relic abundance, Ω χ h 2 = 0.1199 ± 0.0022 [10] .
The regions of the parameter space where the observed value of the relic abundance can be accommodated within the current framework are demonstrated in Figs. 9 and 10, in the sin ω 2 − M χ plane, for M θ =M P and M θ = 2M P , respectively. The panels further illustrate the dependence on the small and large benchmark values of the input parameters λ − m and M N . A dependence on the remaining formally relevant free parameters (i.e., M κ , ξ H , ξ χ ) is negligible within the allowed region, since the W ± , Z and h pairs form the dominant channels (Fig. 8) . The viable region is confined by requiring the WIMPzilla dark matter mass not to exceed the 2000 T reh boundary [13] . One observes that a larger λ − m coupling, a heavier θ LW graviton, and a lighter right-handed Majorana neutrino favor larger WIMPzilla masses and/or smaller values of the mixing angle. In addition, the figures demonstrate that the non-relativistic approximation remains valid throughout, for the WIMPzilla masses compatible with the abundance curve. 
VI. DISCUSSION
Finally, let us combine the findings from the previous sections, in order to investigate the viability of the model in accordance with the perturbativity and vacuum stability, inflation, and the dark matter constraints. Examples of the viable sin ω 2 − M χ regions, compatible with all aforementioned requirements, are demonstrated in Fig. 11 , for benchmark values of the remaining input parameters. For each benchmark plot, the inflationary constraints from the Planck TT+LowP at 95% C.L. are satisfied within a certain range of the mixing angle values, 19 in addition to imposing an upper limit on the dark matter mass. Specifically, heavier masses of the remaining bosonic and fermionic degrees of freedom, θ, κ, N , significantly reduce the range of the allowed mixing angles.
Furthermore, one observes that the WIMPzilla mass, compatible with the dark matter relic abundance, is confined below ∼ 10 13 GeV. This (rather general) result is a direct consequence of the constraints imposed by the inflation, combined with the WIMPzilla nature of the dark matter. In particular, the small amplitude of the primordial scalar perturbations, A s ∼ 10 −9 , implies an accordingly small amplitude for the inflaton potential (2.45), M 0.1M P , within vast regions of the parameter space (c.f. Fig. 7) . This, in turn, introduces a relatively light inflaton (2.49), with a mass several orders of magnitude below the reduced Planck mass, which results in moderate reheating temperatures (5.2) . Within the WIMPzilla paradigm, the dark matter mass satisfies the condition M χ 2000 T reh , and hence may not be too heavy for moderate reheating temperatures. In addition, small values of M, as favored by the inflationary constraints, require the masses of the bosonic and fermionic degrees of freedom to reside in the relative vicinity of 19 See Fig. 7 for comparison. Note, however, that in that figure the colored regions correspond to the viable parameter space, whereas in Fig. 11 all colored regions are excluded. one another (c.f. (2.38)); in particular, the masses of the LW graviton and the right-handed Majorana neutrinos play the dominant role in this respect, given their large internal degree of freedom coefficients.
In summary, one concludes that within a classically scale invariant framework in which the pseudo-NambuGoldstone boson of the (approximate) scale symmetry is identified with the inflaton, 20 the WIMPzillas satisfying the observed relic abundance are generically much lighter than the reduced Planck scale, 21 due to the observational constraints imposed by the inflation, and in particular the small amplitude of the primordial scalar perturbations.
